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Abstract 

An alternative way of introducing the supersymmetric cosmological 
term in a supergravity theory is presented. We show that the AdS- 
Lorentz superalgebra allows to construct a geometrical formulation of 
supergravity containing a generalized supersymmetric cosmological con¬ 
stant. The N = 1, D = A supergravity action is built only from the curva¬ 
tures of the AdS'-Lorentz superalgebra and corresponds to a MacDowell- 
Mansouri like action. The extension to a generalized Ad5'-Lorentz super¬ 
algebra is also analyzed. 


1 Introduction 

A good candidate to describe the dark energy corresponds to the cosmolog¬ 
ical constant mm- It is well known that a cosmological term can be introduced 
in a n = 4 gravity theory using the Anti de Sitter (AdS) algebra. In particular 
the supersymmetric extension of gravity including a cosmological term can be 
obtained in a geometric formulation. In this framework, supergravity is built 
from the curvatures of the osp (4|1) superalgebra and the action is known as the 
MacDowell-Mansouri action [3]. 

Recently it was presented in ref. [3] an alternative way of introducing the 
generalized cosmological constant term using the Maxwell algebra. It is usually 
accepted that the symmetries of Minkowski spacetime are described by the 
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Poincare algebra. In refs. [5JIS] this spacetime was generalized extending its 
symmetries from the Poincare to the Maxwell symmetries whose generators 
satisfy the following commutation relations 


[Pa^Pb] = ^Zab, Zab = —Zba , ( 1 ) 

[<^065 Zcd\ — ^bcZad VacZbd VbdZac P VadZbc: (2) 

[Zab, Zed] = 0 , [Zab, Pc] — 0 . (3) 


Here Zab correspond to tensorial Abelian charges and the constant A can be 
related to the cosmological constant when [A] = M^. If we put A = e, where 
e is the electromagnetic coupling constant, we have the possible description of 
spacetime in presence of a constant electromagnetic background held. 

The deformations of the Maxwell symmetries lead to the so(ZI —1,2)©so(I?— 
1,1) or so{D, 1) ©so(II — 1,1) algebra [TJIS]. In this case the Zab generators are 
non-abelian. If spacetime symmetries are considered local symmetries then it is 
possible to construct Chern-Simons gravity actions where dark energy could be 
interpreted as part of the metric of spacetime. 

Subsequently it was shown in ref. [9] that the generalized cosmological con¬ 
stant term can also be included in a Born-Infeld like action built from the curva¬ 
tures of the AdS'-Lorent^il [AdS — £ 4 ) algebra. Alternatively the AdS'-Lorentz 
algebra can be obtained as an abelian semigroup expansion (S'-expansion) of 
the AdS algebra using S)^ as the relevant semigroup m- 

The S'-expansion procedure is based on combining the multiplication law 
of a semigroup S with the structure constants of a Lie algebra g m- The 
new Lie algebra obtained using this method is called the S-expanded algebra 
© = S X g. Diverse (super)gravity theories have been extensively studied using 
the S-expansion approach. In particular, interesting results have been obtained 
in refs. [la [131 m usi mi na na [la uni [n]. An alternative expansion method 
can be found in ref. [^ . 

In this paper we analyze the consequence of considering the supersymmet¬ 
ric extension of the Ad5'-Lorentz algebra in the construction of a supergravity 
theory. This superalgebra has the following anticommutation relation. 


{Qa, Q/S} 




(4) 


where Qq, represents a 4-component Majorana spinor charge. Unlike the 
Maxwell superalgebra the new generators Zab are not abelian and behave as 
a Lorentz generator. 


[Zab, Zed] VbcZad VaeZbd VbdZac P VadZbe- 


(5) 


The presence of the Zab generators implies the introduction of a new bosonic 
’’matter” field which modifies the definition of the different curvatures. In 
particular, we are interested in studying the geometrical consequences of in¬ 
cluding the generators Zab = [Pa, Pb] in supergravity. Although the same non¬ 
commutativity is present in the Maxwell symmetries, it was shown in ref. [ 20 ] 

^Also known as so{D — 1,1) ©5o{D — 1, 2) algebra. 
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that the supergravity action a la MacDowell-Mansouri based on the Maxwell 
superalgebra does not reproduce the cosmological constant term in the action. 
Then, the Ad.S'-Lorentz superalgebra seems to be a better candidate in order 
to introduce the cosmological term in supergravity, in presence of the bosonic 
generators Zab- 

On the other hand, as shown in ref. |231124) the four-dimensional renor¬ 
malized action for AdS gravity, which corresponds to the bosonic MacDowell- 
Mansouri action, is equivalent on-shell to the square of the Weyl tensor describ¬ 
ing conformal gravity. Then, the supergravity action a la MacDowell-Mansouri 
suggests a superconformal structure which represents an additional motivation 
in our construction. 

It is the purpose of this work to construct a supergravity action which con¬ 
tains a generalized supersymmetric cosmological constant from the AdS'-Lorentz 
superalgebra. To this aim, we apply the ^-expansion method to the osp (4|1) su¬ 
peralgebra and we build a MacDowell-Mansouri like action with the expanded 
2-form curvatures. The result presented here corresponds to an alternative 
way of introducing the supersymmetric cosmological term and can be seen as 
the supersymmetric extension of refs. nil]. We extend our result introducing 
the generalized minimal AdS'-Lorentz superalgebra and we build a more general 
D = 4,, N = 1 supergravity action involving a supersymmetric cosmological 
term. 

This work is organized as follows: in section 2 we review the construction 
of the AdS'-Lorentz superalgebra using the 5'-expansion procedure. Sections 3 
and 4 contain our main results. In section 3, we present the D = A, N = \ 
supergravity action including a generalized supersymmetric cosmological con¬ 
stant. We show that this action corresponds to a MacDowell-Mansouri like 
action built from the curvatures of the AdS'-Lorentz superalgebra. In section 
4 we extend our results to the generalized minimal AdS'-Lorentz superalgebra. 
Section 5 concludes the work with some comments about possible development 
and usefulness of our results. 


2 74(i/S'—Lorentz superalgebra and the abelian semi¬ 

group expansion procedure 

The abelian semigroup expansion procedure (S'-expansion) is a powerful 
tool in order to derive new Lie (super)algebras |llj . Furthermore, the S- 
expansion method has the advantage to provide with an invariant tensor for the 
iS-expanded algebra © = S' x g in terms of an invariant tensor for the original 
algebra g. 

Following refs. [UlIIH], it is possible to obtain the AdS—Lorentz superal¬ 
gebra as an S-expansion of the osp (4|I) superalgebra using as the abelian 
semigroup. 

Before applying the S-expansion method it is necessary to consider a de- 
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composition of the original algebra g = osp (4|1) in subspaces Vp, 

osp(4|l) sp (4) 


0 = osp (4|1) = so (3,1) 


sp (4) 

= K) © l/i © V 2 , 


so (3,1) 


( 6 ) 


where Vq is generated by the Lorentz generator Jab, Vi corresponds to the 
fermionic subspace generated by a 4-component Majorana spinor charge Qa 
and V 2 corresponds to the AdS boost generated by Pa- The osp (4|1) generators 
satisfy the following (anti)commutation relations 


Jab, Jed 
Jab, Pc 

Pa, Pb 

Jab, Qa 

{Qa,Qp^ 


— 'HbeJad 'bjacJbd ^bdJac ^adJbci 

— 'Hbc^a ^acPb'j 

— Jabi 


'2 


Pa, Qc 


'2 


2 L 


{r’’C)^^Jab-2{rC)^^Pa 


(7) 

( 8 ) 
(9) 

( 10 ) 

( 11 ) 


Here, ja are Dirac matrices and C stands for the charge conjugation matrix. 
The subspace structure may be written as 


[K),l"o]cyo, cHo©1^2, 

[Vo,Vi]cVu [Hi,H 2 ]cHi. 

[Vo,V2]CV2, [V2,V2]CVo. 


( 12 ) 


Following the definitions of ref. let = {Ao,Ai,A 2 } be an abelian 


semigroup whose elements satisfy the multiplication law, 

. . _ J Xa+/3, if Of + /3 < 2 

“ 1 A„+;3-2, iia + p>2 

( 2 ) 

Let us consider the subset decomposition = SqU SiU S 2 , with 

So = {Aq, A 2 } , 

= {Ai}, 

S 2 = {A 2 }. 


(13) 


(14) 

(15) 

(16) 


One sees that this decomposition is said to be resonant since it satisfies the same 
structure as the subspaces Vp [compare with eqs ([ 12 ])] 


S-o'S-oC^o, Si-SiCSonS2, 
So ■ Si C Si, Si-S2CSi, 
So-S 2 C S 2 , S 2 -S 2 C So- 


( 17 ) 
















Following theorem IV.2 of ref. we can say that the superalgebra 


= Wo©IFi©IF2, (18) 

( 2 ) 

is a resonant subalgebra of S)^ x g, where 

= {^0 X ^o) = {'*'0) -^2} X |>^ab| = A2 Jaij , (19) 

IVi = (Si X Vi) = {Ai} X {q«} = {AiQ«} , (20) 

IF2 = (^2 X V2) = {A2} X {p,} = {A2Pa} . (21) 


Thus the new superalgebra is generated by {Jab, Pa, Zab-^Qa}, where these 
new generators can be written as 


Jab — ^oJab, 

Zab — ^2 Jab, 
Pa = ^2Pa, 
Qa — ^iQa- 


The expanded generators satisfy the (anti)commutation relations 

[Jab, Jed] — VbcJad ^acJbd 'HbdJac © 'b]adJbc, ( 22 ) 

{Jab, Zed] — VbcZad 'HaeZbd VbdZac © 'b]adZbc, ( 23 ) 

{Zab, Zed] — VbcZad 'HaeZbd VbdZae © 'b]adZbc, ( 24 ) 

{Jab, Pc] = VbePa — VaePb, {Pa, Pb] = Zab, (25) 

[Zab, Pc] = VbePa - VaePb, (26) 

{Jab,Qa] = -^habQ)a, {Pa, Qa] = -^ ilaQ)a , ( 27 ) 

{Zab, Qa] = - 2 {labQ)a , (28) 

{Qa,Qp} = [(7“"^)^^ Zab - 2 (7“C)„^ Pa] , (29) 


where we have used the multiplication law of the semigroup m and the com¬ 
mutation relations of the original superalgebra. The new superalgebra obtained 

/o\ 

after a resonant S')y^©expansion of osp (4|1) corresponds to the riels'—Lorentz su¬ 
peralgebra sAdS — £4 in four dimensions. The details of its construction can 
be found in ref. [TH]. An extensive study of the relation between Lie algebras 
and the semigroup expansion method can be found in ref. [25) . 

One can see that the AdS”—Lorentz superalgebra contains the AdS — £4 
algebra = {Jab, Pa, Zab^ as a subalgebra. The AdS — £4 algebra and its 
generalization have been extensively studied in ref. [9]. In particular it was 

^Also known as Poincare semi-simple extended algebra. 
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shown that this algebra allows to include a generalized cosmological constant in 
a Born-Infeld gravity action. 

On the other hand it is well known that an Inonii-Wigner contraction of 
the Lorentz superalgebra leads to the Maxwell superalgebra. In fact, the 
rescaling 

Zah ^ /r Pa ^ f^Pa and Qa ^ 

provide the Maxwell superalgebra in the limit /x —>■ oo. 


3 Generalized supersymmetric cosmological term 
from 74(iS'—Lorentz superalgebra 

In ref. [3] it was introduced a geometric formulation of = I, H = 4 
supergravity using the osp (4|1) gauge fields. The resulting action is known as 
the MacDowell-Mansouri action whose geometrical interpretation can be found 
in ref. [55]. In a very similar way to ref. [5D] in which a MacDowell-Mansouri 
like action was built for the minimal Maxwell superalgebra, we will construct 
an action for the AdS'-Lorentz superalgebra using the useful properties of the 
S'-expansion procedure. 

We have shown in the previous section that the D = A >ld5'—Lorentz superal¬ 
gebra can be found as an S'-expansion of the osp (4|1) superalgebra. Following 

('2'\ 

the definitions of ref. E], let Sj^ = {Ao,Ai,A 2 } be an abelian semigroup 
whose elements satisfy the multiplication law (nsj). After the extraction of a 
resonant subalgebra one hnds the AdS—Lorentz superalgebra whose generators 
{Jab, Pa, Zab,Qa} Satisfy the commutations relations (1221) — (l29ll . 

In order to write down an action for AdS—Lorentz superalgebra we start 
from the one-form connection 

A = A^Ta = ^Uj'^^Jab + \e^Pa + \k‘^^Zab + (31) 

where the one-form gauge fields are given in terms of the components of the 
osp (4|I) connection, 


= Aow“^ 

e“ = A2g“, 

^ X2Co‘^\ 
r = Ai^“. 

The associated two-form curvature F = dA -|- A A A is given by 

F = F^Ta = \R^^Jab + + \F‘^^Zab + (32) 
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where 


^ ^ab 

= (ie“ + + k^e'^ - 

F“^ = + a;“ fc"*- - + fc“ fc‘='’ + 

;2 21 

4' = (if/' + ^Wa67“^V’ + + ^fca67“*'V’- 

The one-forms a;“^, e“, tp and fc®** are the spin connection, the vielbein, the grav- 
itino field and a bosonic "matter” field, respectively. Here pj corresponds to a 
Majorana spinor which satisfies f/; = 'ipC, where C is the charge conjugation ma¬ 
trix. Naturally when F = 0 the Maurer-Cartan equations for the HdS'—Lorentz 
superalgebra are satisfied. 

In order to interpret the gauge field as the vielbein, it is necessary to intro¬ 
duce a length scale 1. In fact, if we choose the Lie algebra generators Ta to 
be dimensionless then the I-form connection fields A = A^^TaiIx^ must also be 
dimensionless. Nevertheless, the vielbein e“ = e°‘,,dx^ must have dimensions 
of length if it is related to the spacetime metric through = e°‘^e^^rjab- 
Thus the "true” gauge field must be of the form 6°“jl. In the same way we 
must consider that ip/Vi is the ’’true” gauge field of supersymmetry since the 
gravitino ip = ip^dx^ has dimensions of (length) ' . 

From the Bianchi identity VF = 0, with V = d-l- [H, •], it is possible to write 


down the Lorentz covariant exterior derivatives of the curvatures as 

DR‘^’’ = 0, (33) 

DR‘^ = R^V + R^'k^^ + ^7“^', (34) 

DF^^b ^ J^a^i^cb _ J^b^i^ca paj^cb _ pb^j^ca p ^ ^pa^b _ pb^ 

+1^7“'^’, (35) 

D-^ = ii?a67“V + Ji"ah7“V - ^fca&7“'^ + 

- 4e“7a«'. (36) 


The general form of the MacDowell-Mansouri action built with the osp (4|1) 
two-form curvature is given by 


S = 2 J (FAF) =2 j F^AF^ (TaTb) , 


with the following choice of the invariant tensor 
{TaTb) = 


{Aabdcd) — ^ahcd 
{QaQV = 2 Wctfi • 


(37) 


(38) 
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It is important to note that if (TaTb) is an invariant tensor for the osp(4|l) 
superalgebra then the action corresponds to a topological invariant. The action 
can be seen as the supersymmetric generalization of the D = A Born-Infeld 
action in which the action is built from the AdS two-form curvature using 
(TaTb) as an invariant tensor for the Lorentz group. 

In order to build a MacDowell-Mansouri like action for the kids'—Lorentz su¬ 
peralgebra we will consider the S-expansion of {TaTb) and the 2-form curvature 
given by (15^ . 

Thus, the action for the kldS—Lorentz superalgebra can be written as 

S = 2Jf^AF^ {TaTb),a,s-c, , (39) 

where {TaTb)sAcls-Ca derived from the original components of the in¬ 

variant tensor (155)) . Using Theorem VII.l of ref. m, it is possible to show 
that the non-vanishing components of {TaTb) sAdS-CA given by 


{JabJcd) sAdS-CA ~ {JabJcd) > (40) 

{JabZcd)sAdS-CA ~ *^2 {JabJcd) > (41) 

{ZabZcd)sAdS-CA ~ *^2 {JabJcd) > (42) 

{QaQp) sAdS-CA ~ *^2 {QaQp) i (43) 


where ao and 02 are dimensionless arbitrary independent constants. This choice 
of the invariant tensor breaks the kldS-Lorentz supergroup to their Lorentz like 
subgroup. 

Then considering the non-vanishing components of the invariant tensor (140)) — 
(031) and the 2-form curvature (I32p . it is possible to write down an action as 

5 = 2 y + la2eabcdF^^F^'^ + ya2^75^') ■ 

(44) 

Explicitly, the action takes the form 

S = J Y^-bcdR^'’^"^' + ^^^-bcd 

+ -Dk^^Dk^^’^ + Dk^^k%k^‘^ + irDk^'^e^e^ 

21 2 P 

+ y3e“e^'07^'^'!/' + + “2 ^yL>Vi75L>V' + ^'4>e°’lalbD'4) 

2 - 1 - 1 - 

F-rD'il^l5kahl°‘^'<P + yr'0e“7a75e''7bV' + ■7^4’e°‘^al5k^‘'7bctlJ 

+ ^^*ab7“''75fccd7''‘^V’^ • (45) 


8 


The action can be written in a more compact way using the gamma matrix 
identity 

— ~^^ahcd'^ j 

and the gravitino Bianchi identity 

DDi^ = (47) 

In fact one can see that 

^eabcd7?“^f/'7''‘^V' + dZIf/iysZIV’ = d , 

■^eabcdDk°‘^'ip-f‘'‘^4) + 2D'4)-f5k°'^Jab1p = d {'lpk°'’’jab"f5'ip) ■ 

Furthermore it is possible to show that 

V'e“ 7 a 75 e^ 7 &V’ = ^e^e^’tp^^^'^'tpeabcd, 

\i^kabl'^^lbkcdl'"^'tp = -l;k%k^^i)j‘'‘^-tpeabcd, 

4 Z '' 

^e“7a75fc'’‘'76cV' = eabcdk°‘''e’^i[)^'^'ip, 
where we have used the following identities 


^a'yh — ^ab 'b]ab^ 
ab cd abed a ojcab 

7 7 = e 75 - 4d[^7^j - 2(5^^, 

c ab o farbl abed 

7 7 = -27 ^ l5jdj 

and the fact that 757 a is an antisymmetric matrix. Thus the MacDowell- 
Mansouri like action for the ^dS'—Lorentz superalgebra takes the form 

s = j Y^abcdR^^R^‘‘ + ^ {eabcdR‘^^e^e‘^ + 4^e“7a75i4^) 

+ aacabed ( R^^Dk^’^ + + ^Dk^^Dk^’^ + Dk^^k'^^k^'^ + 

\ 2 2 ^ 

+ a2eabcd (Aok^^e^^e^ + ^k^fk^^e^^e^ + ^e“e77^7 

+ + “2<7 {AD^^^ip + Vjfc“'’ 7 ab 75 V’) • (48) 

This action has been intentionally separated in five pieces where the first 
term is proportional to oo and corresponds to the Gauss Bonnet term. The 
second term contains the Einstein-Hilbert term plus the Rarita-Schwinger (RS) 
Lagrangian describing pure supergravity. The third piece corresponds to a Gauss 
Bonnet like term containing the new super Ads'—Lorentz fields. This piece does 
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not contribute to the dynamics and can be written as a boundary term. The 
fourth term corresponds to a generalized supersymmetric cosmological term 
which contains the usual supersymmetric cosmological constant plus three ad¬ 
ditional terms depending on The last piece is a boundary term. 

One can see that the MacDowell-Mansouri like action built using the useful 
definitions of the S'-expansion procedure describes a supergravity theory with a 
generalized supersymmetric cosmological term. 

From (H5)) we can see that the bosonic part of the action corresponds to the 
one found for AdS—Loientz algebra in ref. [5]. Besides, the action contains the 
generalized cosmological term introduced in ref. [1] for the Maxwell algebra. 

One can note that if we omit the boundary terms in (I48p , the action can be 
written as 

S = {^abcdR^'^e^e'^ + #e“7a75i5V') + a2eabcd 

+ ie“e''^7‘=V + , (49) 

or equivalently 

S = J ^ {e-abcdR°‘^e^e’^ + A'ipe^'-fajbD'ip) 

+ a2eabcd + ^e“e^e'=e‘^^ , (50) 

where we have used 

eabcdDk'^^e^e'^ = 2eabcdk‘^^T^e'^ + d (^tabcdk^^ 

= £>6“ - ivi7“V' = T“ - 

Interestingly if we consider k°‘^ = 0 in our action we obtain the usual MacDowell- 
Mansouri action for the Osp (4|1) supergroup. 

In order to obtain the field equations let us compute the variation of the La- 
grangian with respect to the different super Ads'—Lorentz fields. The variation 
of the Lagrangian with respect to the spin connection modulo boundary 
terms, is given by 

du.C = ^Cabcd + 25uj‘^fkf^e^e‘^) + 

= ^eabcdSbJ^^^ (t^ + k^fcf - s'" 

= ^eabcdSuj'^^R^e'^. (51) 

Here we see that S^jC = 0 leads to the following field equation for the AdS—Lorentz 
supertorsion 

eabcdR'^e^ = 0. (52) 
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On the other hand, the variation of the Lagrangian with respect to the 
vielbein e“ is given by 

= ^eabcd + 2Dk^^e^ + 

+ ^ {Atjj^fd'j^D'ijj + iij"td'y5k‘"^labip) Se‘^. 

= ^eabcd Se‘^ + ^ ( 4 ^ 7 ^ 75 '?) (53) 

where we have used the Lorentz 2-form curvatures (l32l) and the fact that 

eabcdV'7“Ve'' = 2'!A7d75e°7cV', 

eabcdk°^^e'''4)-f’^^l) = ^/’e“7a75A:''^7bc'0- 
Then the field equation is obtained imposing 5eL — 0 

2eabcd (i?“^ + e" + 4^7d75^ = 0. (54) 

One can see that the rescaling 

fc“^ —>■ e“ —>■ /ie“ and ip —>■ 

and dividing (|5^ by provide us with the usual field equation for supergravity 
in the limit ^ 0, 

iabcdR°‘^e'' + App^dlbOip = 0, (55) 

where D corresponds to the Lorentz covariant exterior derivative. 

The variation of the Lagrangian with respect to the new Ads'—Lorentz field 
modulo boundary terms, gives 

5kC = ^eabcd (^5k<^^De^e^ + 25k^jkf\‘^e^ + 

= ‘^CabcdSk-^ (t^ + k-fef - y^7'=V') s'" 

= ‘^eabcd5k°-^R‘'e‘^, (56) 

where we have used the gamma matrix identities 

1 cd 

'Jab^b 2 ^o-bcd'y 5 

7 7 = - 27 ^ 0 ^^ - e 757d- 

Here we see that = 0 leads to the same field equation than (5^£ = 0 


iabcdR'^e'^ = 0 . 


(57) 
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Let us consider the variation of the Lagrangian with respect to the gravitino 
held Ip, modulo boundary terms, 


^ (4(5^e“7a75L>'0 + '^Dipe°--ial55'>P - 'iipDe°‘^alb5'tp 


+25tpe°'-^albk^‘'lbcip + 4(5'07a75fc5eV) + ^^abcd ( je‘^e^Stpj‘'‘^'ip 


P 


= ^ {A5p)e°‘^albDip + AS'ip'falbD^pe'^ + ASipDe'^ja'lbi’ 


P 


+25ipe^^al5k^''lbc'ip + Uip'-falbkle^ip) + ^^S-ipe^’jaJbe^Jbi’ 
= ( 8 e“ 7 a 75 ^ + ^' yalb ' ipDe °- + 47075^^. 

Then, using the dehnition of the supertorsion 


(58) 


1 - 


i?“ = De“ + - -V’7“V' 


and the Fierz identity 

7oV'^7“'*/' = 0, 

we hnd the following held equation, 

8e“7a75^ + 47a75t/’i?“ = 0. (59) 

We can see that the introduction of a generalized supersymmetric cosmological 
constant leads to held equations very similar to those of osp (4|1) supergravity. 
The differences appear in the dehnition of the two-form curvatures due to the 
presence of the new matter held 

Let us note that, from eqs (l52|) and (l57l) . the equation of motion coming from 
the variation of the Lagrangian with respect to the bosonic held reduces to 
that of the spin connection 

iabcdR'^e'^ = eabcd = 0. (60) 

Interestingly, we can dehne a new bosonic held as 

^ab ^ ^ab i^ab^ (gj) 

and its respective covariant derivative, 

T) = d + zu. (62) 

Then, the equation of motion can be written as 

iabcd - ^'tp^'^tp'^ = 0. (63) 
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This allows to express the bosonic field in terms of the vielbein e“ and 
gravitino fields "0“. This may be solved considering the following decomposition, 


„ab ^ab , ~ab (aA\ 

VJ = VJ + 'Ce7 , (d4 ) 

where corresponds to the solution of = 0 and it is given by 

+ eld[xe%^r]^d - (65) 

Now we have that 



'De°‘ = de“ -I- w°‘^eb + w°‘^eb = ^'07“V'j 

(66) 

implies 


(67) 

Then we may solve 

in terms of the two other fields, 



wf = + i’xivi’fi - i’uifj.i’x - i’^iv^x - i’uixi’^ + i’x'ifii’v) ■ 

( 68 ) 

Thus, the bosonic field is completely determined in terms of e“ and ip'll 
and does not carry additional physical degrees of freedom. In particular, when 
the supertorsion = 'De'^ — ^ip^’^ip is set equal to zero, the number of bosonic 
degrees of freedom is two as the Einstein-Hilbert gravity theory and corresponds 
to the remaining components of the vielbein. 

On the other hand, although the Lagrangian is built from the AdS'-Lorentz 
superalgebra it is not invariant under gauge transformations. In fact, the 
Lagrangian does not correspond to a Yang-Mills Lagrangian, nor a topological 
invariant. 

As we can see the variation of the action (I48|) under gauge supersymmetry 
can be obtained using 6R = [e, R ], 

4ct9 f - 

SsusyS = —^ / i?“4'7a75e- (69) 


Thus in order to have gauge supersymmetry invariance it is necessary to impose 
the supertorsion constraint 

i?“ = 0. (70) 

However this leads to express the spin connection 0 ;“^ in terms of the others 
helds {e“, -0}. 

Nevertheless, it is possible to have supersymmetry invariance in the first 
formalism adding an extra piece to the gauge transformation such that the 
variation of the action can be written as 


SS=- 


4q;2 




^extra^ 


(71) 
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where the supersymmetry invariance is fullfilled when 

Sextra(^°'^ = 26“^"="* (^ecldlse + ^de7c75e “ ^cd7e75e) 6 ®, (72) 

with ^ = ^abe“e'’. 

Thus, the action (1481) in the first order formalism is invariant under the 
following supersymmetry transformations 

Suj^^ = 26“*"='^ (^ec7d75e + ^delclbS “ ^cd7e75e) 6 ®, (73) 

Sk‘^’> = -ye7“V, (74) 

(5e“ = e 7 “V') (75) 

S'ljj = de + yw“^7af)e + —k°'^jab£ + (76) 


Let us note that supersymmetry is not a gauge symmetry of the action, since 
it is broken to a Lorentz like symmetry. In particular, the supersymmetry 
transformations leaving the action invariant do not close off-shell. While the 
super AdS'-Lorentz gauge variation close off-shell by construction. 


4 The Generalized minimal 74(i/S'—Lorentz super¬ 
algebra 


In this section, we show that a particular choice of an abelian semigroup S 
leads to a new Lie superalgebra. For this purpose we will consider the osp (4|1) 
super algebra as a starting point. 

Let us consider a decomposition of the original superalgebra g = osp (4|1) as 


g = osp (4|1) 


SO(3,1)0 


osp (4|1) 

sp (4) 


Vq®Vi®V2, 


sp (4) 
so (3,1) 


(77) 


where Vq, and V 2 satisfy (fT^ and correspond to the Lorentz subspace, the 
fermionic subspace and the Ad5'-boost, respectively. 

Let = {Ao, Ai, A 2 , A 3 , A 4 } be the abelian semigroup whose elements sat¬ 
isfy the following multiplication law 


AaA;3-j 


Aa-i-/ 3 ) if a -|- /3 < 4 


V+/ 3 - 4 , ifa-l-/3>4 
Let us consider the decomposition S = U U 5 ' 2 , with 


(78) 


So — {Aq, A2, A4} , 

(79) 

Si = {Ai, A3} , 

(80) 

52 = {A 2 ,A 4 }. 

(81) 
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One can see that this decomposition satisfies the same structure as the subspaces 
Vp, then we say that the decomposition is resonant [compare with eqs ([12])] 


C So, 

Si ■ Si c Son S'; 

So-SiC Si, 

Si • S 2 C Si, 

So-S 2 C S 2 , 

S 2 • S 2 C So. 


Following theorem IV.2 of ref. we say that the superalgebra 


0 ^ = 0 0 W 2 


is a resonant subalgebra of S^ x 

g, where 



IFo = 

(So 

X Vq) = {Ao, A 2 , A 4 } X 1 Jaf, 

!■ — * 1 ^'^ 0 '7a& 5 -^ 2 'Tabi ^ , 

(83) 

IFi = 

(Si 

X Vi) = {Ai, A 3 } X 

{Ca} = 


(84) 

IF 2 = 

(S 2 

X V 2 ) = {A 2 , A 4 } X 

{M = 

|A 2 Po, A4Pa| . 

(85) 

Then the new superalgebra is generated by 

Pa, Za-, Zab, Zab, Qa, 

> with 



Jab — '^O'Tab: 

, Pa = 

^2Pa, 




Zab — ^2Jab 
Zab — ^4:Jab 

, Za = 

; Qa — 

^4Pa, 

^iQa, 

( 86 ) 



Ziet — '^3^0'* 





where Jab, Pa and Qa are the osp (4|1) generators. The new generators satisfy 
the (anti) commutation relations 


[*^ 06 ; Jcd\ — “nbcJad 'HacJbd ~ 
\Zab, ■^cd] — "Hbc^ad ^ac^bd 

[*^ 06 ; ^cd\ — "Hbc^ad ^ac^bd 

Jab, Zed — "HbeZad 'HaeZbd 

Zab, Zed — 'HbeZad ^aeZbd 

Zab, Zed — ^beZad ^aeZbd 

[*^ 06 : P<^ — 'HbePa ^aePb, 


Zab, Pc 

— 'HbeZa 'b]acZb, 

Jab, Ze 

Zab, Ze 

— 'HbePa ^aePb, 

Zab, Ze 


[Pa,Pb] = Zab, 


Za,Pb 


^bdJac T ^adJbe, 

'b]bdZac T ^adZbe, 

'b]bdZac T ^adZbe, 

'b]bdZac T ^adZbe, 

'bJbdZac T ^adZbe, 

'b]bdZac T ^adZbe, 

\_Zab, Pc\ — VbePa VaePb, 
— 'HbeZa ^aeZb, 


Za, Zb — Zab, 


— Zab, 


(87) 

( 88 ) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 

(96) 
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[Jab: Q a] 
Zabi Qa 
{^ab: Qa\ 
{Jab: ^a] 
^ab: 

{Qa: Qp} 
{Qa, ^p} 
{Sq,, S^} 


~2 i'labQ)ci , 
~2 (lab's)^ , 
~2 ilabQ)ci , 

~2 (labS)^ , 

~2 ilabQ)ci , 


1 ■ 

2 . 
1 

2 L 
1 

2 L 


[PaiQa] — 2 (7a^)a ’ 


Za: Qc 


= “2 (7aQ)a> 


[^aj^Q,] — 2 ilaQ)a , 


Za: See 


= “2 (7aS)„, 


[Zab, See] — 2 (l<>-bS)ee , 


{r^C)^^Zeb-2(rC)eepPa 
{r^C)^^Zeb-2{rC)^pZe 
{r'^C) Zeb-2(rC)eepPa 


(97) 

(98) 

(99) 
( 100 ) 
( 101 ) 
( 102 ) 

(103) 

(104) 


where we have used the commutation relations of the original superalgebra and 
the multiplication law of the semigroup (1781) . The new superalgebra obtained 
after a resonant ^-expansion of osp (4|1) superalgebra corresponds to a gener¬ 
alized minimal ^c?5'-Lorentz superalgebra in H = 4. 

One can see that a new Majorana spinor charge S has been introduced as 
a direct consequence of the 5'-expansion procedure. The introduction of a 
second spinorial generator can be found in refs. [26l[27] in the supergravity and 
superstrings context, respectively. 

Let us note that a generalized AdS”—Lorentz algebra = | Jah, Pa, Za, Zab, j 
forms a bosonic subalgebra of the new superalgebra and looks very similar to 
the AdS — Cq algebra introduced in ref. [9]. In fact one could identify Zab, 
Zab and Za with Z^^^ , zj^J and Za of AdS — Cq respectively. Nevertheless, 
the commutation relations (|96p are subtly different of those of the AdS — Cq 
algebra. On the other hand, the usual AdS — £4 algebra = {Jab, Pa, Zab} is also 
a subalgebra. 

It is interesting to observe that an Indnii-Wigner contraction of the new 
superalgebra leads to a generalization of the minimal Maxwell superalgebra 
introduced in ref. [in]- After the rescaling 

Zab ^ /r Zab, Zab ^ /T Zab, Pa ^ /T Pa, 

Za —^ fJ- Za, Qa —^ fJ-Qa and S —^ fJ-^S, 


the limit /x —> 00 provides with a generalized minimal Maxwell superalgebra 
sA 44 in D = 4. An extensive study of the minimal Maxwell superalgebra 
and its generalization has been done using expansion methods in refs. [301 
[3T| . On the other hand, it was shown in refs. [321 HO] that D = 4, N = I 
pure supergravity Lagrangian can be obtained as a quadratic expression in the 
curvatures associated with the minimal Maxwell superalgebra. 

Analogously to the previous case, we can show that the generalized minimal 
AdS'-Lorentz superalgebra found here can be used in order to build a more 
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general supergravity action involving a generalized supersymmetric cosmological 
term. 

As in the previous section, we start from the one-form gauge connection, 


A — —U)°'^Jab + -jS°‘Pa + Zab + -^k°'^Zab + ■jh°'Za + 

(105) 

where the one-form gauge fields are related to the osp (4|1) gauge fields e“, 

as 

= Aow“^ e“ = A 2 e“, 

= A4W“^ = X3^°, 

= A 4 e“. 

Then the corresponding two-form curvature F = dA -|- A A A is given by 
F = Jafa + + \F‘^^Zab + ^F^^^Zab + 

(106) 

where 


= de“ + oj%e^ + k%e^ + k%h^ - 

= dh‘^ + uj\h}> + k\e^ + k\h^ - ^ 7 “^, 

-p a;“ F*- - -P fc“ fc"*' - -P -P ^^7“^ + 

21 21 

F“^ = dk^^ + fc"'' - + fc“ F'’ + fc“ fc"'' + ^e“e'' + + yC 7 “'’V', 

4' = dV' -t yWa67“''^ + yfcab7“V + yfcab7“^C + 

2 = d^ + ya;ab7“'’C + ^fcab7“''C + y^ab7“'’V^ + 

Here the new Majorana field ^ is associated to the fermionic generator E, while 
the one-forms /i“, fc“^ and k°‘^ are the matter fields associated with the bosonic 
generators Za, Zab and Zab respectively. 

Using the two-form curvature F it is possible to write the action for the 
generalized minimal Ads'— Lorentz superalgebra as 

S = 2 / {F AF) = 2 [f^ AF^ {TaTb)s , (107) 


where {TaTb) g corresponds to an S-expanded invariant tensor which is obtained 
from the original components of the invariant tensor (l 38 l) . Using Theorem VII. I 
of ref. m, it is possible to show that the non-vanishing components of {TaTb) g 
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are given by 


{JabJed}^ — OlQ {JabJed') i 

(^^ab^ed^^ — 0^4 {JabJed} 1 

( 108 ) 

Jab^cd^^ — 0^2 {JabJed} ; 

{^ab^cd)^ — 0^4 {JabJed'} ; 

( 109 ) 

^ab^ed^^ — 0^2 {JabJed} 5 

{Jab^ed)g — 014 {JabJed} 5 

(110) 

— 0^2 5 

— 0^2 ? 

(111) 

{Qa'^jd')^ — ^4 ; 


(112) 


where ao, a 2 and are dimensionless arbitrary independent constants and 

{Jab Jed) — ^abed: 

{QaQp) = 2 {'^b)aP ■ 

Then considering the two-form curvature (11061) and the non-vanishing com¬ 
ponents of the invariant tensor (11081) — ( 11121 ) we found that the action can be 
written as a MacDowell-Mansouri like action, 

C _ 9 f { , pab ped , „ab pad , 0^2 pab pad , pab ped 

O — I I y — e-abedii n -h —Cabedn t + —^abed^ -C -|- —Cabed^ f 

^CabedF^^F^^ + ^eabcdF’^^F-’^ + + ya2S75S + ya4§75s) . 

(113) 

Since we are interested in obtaining the Einstein-Hilbert and the Rarita-Schwinger 
like Lagrangian with a generalized supersymmetric cosmological term, we shall 
consider only the piece proportional to 04 . Using the useful gamma matrix 
identities and the Bianchi identities {dF + [A, E] = 0) it is possible to write 
explicitly the a 4 -term as 

5 = a4 y eabed 

+ ^ {^abcdR'^F^e'^ + 4Ue“7a75-D^/’ + 

+ ^ {eabcdR-^Rh'^ + ^fRlalbDS, + 

+ ieabed ( -t -b -b 4e“e''e=e^ 

V \ r 

r I I I 

+ ^ J^ab^c |y;^dy, y^d^i -b 

+ {^7'^^’ + ^ 7 "^}) + 0^75, (114) 
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where we have defined 


J^ab ^ jjj^ca ^cfe 


Here we can see that the first piece corresponds to an Euler invariant term 
which can be seen as a Gauss-Bonnet like term and can be written as a boundary 
contribution. The second piece contains the Einstein-Hilbert term eabcdR°'^e-^e.'^ 
and the Rarita-Schwinger like Lagrangian. The novelty consists in the contri¬ 
bution of the new spinor field ^ which is related to the Majorana spinor charge 
E. The fourth term corresponds to a generalized supersymmetric cosmological 
term built from the new HdS'-Lorentz fields. The last piece is a boundary term 
and does not contribute to the dynamics. 

A significant difference with the previous case (see eq. (14^ 1 is the presence 
of the matter field h°‘ which is related to the new generator Za- In particular, 
if we consider = 0 and omit boundary contributions, the term proportional 
to 04 can be written as 

S = 04 j ^ {cabcdR^'^e^e'^ + 

+ ^Cabcd , (115) 

with 

VV’ = T'V' + ^kab'y°'^ip + ^kab'y°'^^, 

The action (jll5p corresponds to a four-dimensional supergravity action with a 
generalized supersymmetric cosmological term. Certainly, the choice of bigger 
semigroups would allow to construct larger AdS'-Lorentz superalgebras intro¬ 
ducing a more general cosmological term to supergravity. Nevertheless, this 
procedure would lead to more complicated actions which we do not consider 
here. 

It is interesting to observe that an Inonii-Wigner contraction of the action 
(11151) leads us to the D = A pure supergravity action. In fact after the rescaling 

^ab ^ ^ab: kab ^ ^ab; kab ^ kab-i 
Ca -)■ /r^ea, ij) ^ ^jLil) and ^ 

and dividing the action by the D = A pure supergravity action is retrieved 
by taking the limit /r —?> oo, 

S=04 j ^ {eabcdR°‘^e‘^R^ + #e“7a75T’V') • (116) 
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It was shown in refs. unnsu that the N = 1, D = i pure supergravity can be de¬ 
rived from the minimal Maxwell superalgebra sAi 4 . This result is not a surprise 
since the Inonii-Wigner contraction of the generalized minimal ^dS'—Lorentz 
superalgebra corresponds to the minimal Maxwell superalgebra SM 4 . 

Let us note that the procedure considered here could be extended to big¬ 
ger AdS'-Lorentz superalgebras whose Indnii-Wigner contractions lead to the 
Maxwell superalgebras type defined in m- These Maxwell superalgebras corre¬ 
spond to the supersymmetric extension of the Maxwell algebras type introduced 
in refs. [Hin]- 


5 Comments and possible developments 

In the present work we have presented an alternative way of introducing 
the supersymmetric cosmological constant to supergravity. Based on the AdS- 
Lorentz superalgebra we have built the minimal 0 = 4 supergravity action 
which includes a generalized supersymmetric cosmological constant term. For 
this purpose we have applied the semigroup expansion method to the osp (4|1) 
superalgebra allowing us to construct a MacDowell-Mansouri like action. The 
geometric formulation of the supergravity theory found here corresponds to a 
supersymmetric generalization of the results of refs. mu- 

Interestingly, we have shown that the AdS'-Lorentz superalgebra allows to 
add new terms in the supergravity action a la MacDowell-Mansouri presented 
in |20j . describing a generalized supersymmetric cosmological constant. In 
particular, unlike the Maxwell superalgebra, the bosonic fields k°‘^ associated to 
the generators Zab appear not only in the boundary terms, but also in the bulk 
Lagrangian. 

The presence of the bosonic fields k°‘^ in the boundary could be useful in 
the context of the duality between string theory realized on an asymptotically 
AdS space-time (times a compact manifold M) and the conformal field theory 
living on the boundary ( AdS/CFT correspondence) [3311311ISS I3S] ■ Inter¬ 
estingly, as shown in ref. [23] . the introduction of a topological boundary in 
a four-dimensional bosonic action is equivalent to the holographic renormaliza¬ 
tion procedure in the AdS/CFT context. At the supergravity level, it was 
shown in ref. m that the supersymmetry invariance of the supergravity ac¬ 
tion is recovered adding appropriate boundary terms and thus, reproducing the 
MacDowell-Mansouri action. Then, it is tempting to argue that the presence 
of the fields in the boundary would allow not only to recover the supersym¬ 
metry invariance in the geometric approach (rheonomic approach), but also to 
regularize the supergravity action in the holographic renormalization context. 

We have also presented a more general supergravity action containing a 
cosmological constant (see eq. (III4p L For this aim we have introduced the 
generalized minimal AdS'-Lorentz superalgebra using a bigger semigroup. This 
new superalgebra requires the introduction of a second Majorana spinorial gen¬ 
erator E leading to additional degress of freedom. In particular we have shown 
that the Inonii-Wigner contraction of the generalized AdS'-Lorentz superalgebra 
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leads to the minimal Maxwell superalgebra. 

Our results provide one more example of the advantage of the semigroup ex¬ 
pansion method in the geometrical formulation of a supergravity theory. The 
approach presented here could be useful in order to analyze a possible exten¬ 
sion to higher dimensions. Nevertheless, it seems that in odd dimensions the 
Chern-Simons (CS) theory is the appropriate formalism in order to construct 
a supergravity action. For instance, for £> = 3 interesting CS (super)gravity 
theories are obtained using the AdS'-Lorentz (super)symmetries [TUI [T51155] . 

On the other hand, it would be interesting to study the extended super¬ 
gravity in the geometrical formulation. A future work could be analyze the 
A^-extended AdS'-Lorentz superalgebra introduced in ref. |3U] and the con¬ 
struction of A^-extended supergravities. It seems that the semigroup expansion 
procedure used here could have an important role in the construction of matter- 
supergravity theories. 
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